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Abstract 

For K a field of characteristic 0 and d any integer number > 2, we prove the 
invertibility of polynomial maps F : K d K d of the form F = Id+F[, where each 
Fli is the cube of a linear form and the Jacobian matrix JF[ satisfies ( JF [) 3 = 0. 

Our proof uses the inversion algorithm for polynomial maps presented in our 
previous paper. Our current result leads us to formulate a conjecture relating the 
nilpotency degree of the matrix JH with the number of necessary steps in the 
inversion algorithm. 

Keywords: Polynomial automorphism, Jacobian Problem, inversion algorithm. 
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1 Introduction 

The Jacobian Conjecture originated in the question raised by Keller in [6] on the in¬ 
vertibility of polynomial maps with Jacobian determinant equal to 1. The question is 
still open in spite of the efforts of many mathematicians. We recall in the sequel the 
precise statement of the Jacobian Conjecture, some reduction theorems and other re¬ 
sults we shall use. We refer to [5j for a detailed account of the research on the Jacobian 
Conjecture and related topics. 

Let K be a field and A'[A"] = K[X ±,..., X d ] the polynomial ring in the variables 
Xi,, Xd over K. A polynomial map is a map F = (Aj,..., F d ) : K d —> K d of the 
form 


(X u ...,X d )^ (Fi(Xi ,..., X d ),..., F d (X x , • • •, X A )), 
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where F t G K[X\,1 < i < d. The polynomial map F is invertible if there exists a 
polynomial map G = (G \,..., Gfi) : K d —> K d such that Xf = G,{F \,..., F rf ), 1 < i < d. 
We shall call F a Keller map if the Jacobian matrix 

dFj \ 

dXj ) l<i<d 

1 <j<d 

has determinant equal to 1. Clearly an invertible polynomial map F has a Jacobian 
matrix JF with non zero determinant and may be transformed into a Keller map by 
composition with the linear automorphism with matrix JF(0) -1 . 

Jacobian Conjecture. Let K be a field of characteristic zero. A Keller map F : K d —$■ 
K d is invertible. 

In the sequel, K will always denote a field of characteristic zero. 

For F = (Fi,..., Ff) G K[X] d , we define the degree of F as degF = max{degFj : 
1 < i < d}. It is known that if F is a polynomial automorphism, then degF -1 < 
(degF) d_1 (see [2] or [7]). 

The Jacobian conjecture for quadratic maps was proved by Wang in [8j. We state 
now the reduction of the Jacobian conjecture to the case of maps of third degree (see 
0, [9], [3j and ®). 

Proposition 1. a) (Bass-Connell-Wright-Yagzhev) Given a Keller map F : C d —> C d , 
there exists a Keller map F : C D —> C D , D > d of the form F = Id+H, where H(X) 
is a homogeneous cubic map and having the following property: if F is invertible, then 
F is invertible too. 

b) (Druzkowski) The cubic part FI may be chosen of the form 

D D 

.F 

3 =1 3 = 1 

and with the matrix A = (a^)i<i<_D satisfying A 2 = 0. 

i <j<D 

Let us note that for a polynomial map in d variables of the form F = Id + H, 
with H homogeneous of degree at least two, the condition det(JF) = 1 is equivalent 
to ( JH) d = 0. Given a polynomial map F : C d —» C d , we shall call a polynomial 
P G C[Xl, ..., invariant under F if F(Fi,..., Ff) = P(X L ..., Xf). A polynomial 
map F : C d —> C d of the form F = Id+ H is called a quasi-translation if F -1 = Id — H. 

In [I] we proved the following algorithmic equivalent statement to the Jacobian 
conjecture for homogeneous polynomial maps. Although it is there stated in the complex 
case, it is clearly valid for any field K of characteristic 0. 
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Theorem 2. Let F : K d —> K d be a polynomial map of the form 




' F l (X 1 ,...,X d ) 

= X 1 + H 1 (X 1 ,.. 

■ ,x d ) 


< 

F 2 (X 1 ,...,X d ) 

= X 2 + H 2 (X 1 ,.. 

.,x d ) 



k F d (X u ...,X d ) 

= X d + H d ( X,,.. 

■,x d ), 

where Hi(X\,. .. 

■,X d ) 

is a homogeneous 

polynomial in X x ,.. 

.., X d , of degree 3 ,1 < i < d. 

For each i = 1, . 

• • 1 dy 

we consider the polynomial sequence (Pf) defined in the following 


way 


P*(X 1 ,...,X d ) = X, 

Pi(X 1 ,...,X d ) = Hi, 

and, assuming Pf _, is defined, 

Pj(Xn ■■■,x d ) = rj ,(/••,,..., F d ) - r}_ x (x u ...,x d ). 

Then F is invertible if and only if for all i = 1,..., d, there exists an integer rn t such 
that Pf' = 0 .In this case, the inverse map G of F is given by 

mi-1 

Gi(Y i, Y 2 , ...,Y d )= £ u Y 2 ,...,Y d ),l<i<d. 

1=0 

In this paper we shall use this theorem to prove that a polynomial map of the 
Druzkowski form such that the Jacobian matrix of H is nilpotent of degree at most 3 is 
invertible. 


2 Main result 


We shall prove the following theorem 

Theorem 3. Let F : K d —> K d be a polynomial map of the form 



' F^X,,... 

,x d ) = 

x 1 + H r {X u . 

..,x d ) 

< 

f 2 (x 1} ... 

,x d ) = 

x 2 + H 2 {X u . 

..,x d ) 


k F d {X u ... 

,x d ) = 

X d + H d {X u . 

■ ..,x d ), 

where Hj (X x ,..., X d 

) = HXr, 

■■■,x d f 

and Li(Xi, ... 

, X d ) = a^Xi + • • • + ai d X d 


1 < i < d. We consider the jacobian matrix JH of H := (H\,..., Hf) 


JH = 


( dH, 

dX x 

d H d 
\ dX l 


dHr \ 
dX d 

d H d 
dX d 
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If ( JH ) 3 = 0, then F is invertible and degF -1 < 9. 

The theorem follows from Theorem [2] and the Proposition [I] below. 

Proposition 4. Let F be as in Theorem 0 and let the polynomials P- be defined as in 
Theorem 0 If (JH ) 3 = 0, then Wi = 1,. .., d, deg Pf < 9, forj = 2, 3,4, andP§ = 0. 

Proof of Theorem [3] assuming Proposition [2} If (JH) 3 = 0, we have Pl = 0, for all i, 
by Proposition [3 and this implies, by Theorem [21 that F is invertible and the inverse 
map G of F is given by GfiY i, Y 2 , ..., Y d ) = Y t - P\(Y U Y 2 ,... , Y d ) + PfiY u Y 2 , ..., Y d ) - 
PfiYi , Y 2 , ..., Y d ) + Pl(Yi, Y 2 , ..., Yfi). By the bound on the degrees given by Proposition 
[4] we obtain deg < 9. 


Proof of Proposition^ This proof is purely computational. We shall use the expression 
of the polynomials Pf as a sum of homogeneous polynomials obtained in [T] , proof of 
Theorem 4. From the condition (JH) 3 = 0, we shall derive some equations which will 
allow to prove the vanishing of some homogeneous summands of the polynomials Pf. 
Since (JH) 3 = 0, we have 


A Oil, OIL, dii k 
^ dXj dX k f)X, 

j,k =i J k 1 


V i,l = 1,d. 


i.e. 


d d 

^ (3L 2 a ij )(3L 2 a jk )(3L 2 k a k i) = 27L 2 (^ a^L^a^Llau) = 0, Vi, l = 1, ..., d. 

j,k =1 j,k =1 

which implies 


since Li 


d 

^ ^ aija jk a k iLjL k 0, Wifi 1, • • •, d, 


0 implies a,j 


0, for all j, hence P). Applying 


d 


dX„ 


we obtain 


d 

^ ^ Q'ijQ j jk&ki(Q j jm,LjL k T a km LjL k ) 0, Vi, Z, m 1,..., d. 

j,k=l 


Further, from P, we obtain 


( 1 ) 


( 2 ) 


d 

£ a i: a jk L 2 Ll = 0, Vi = l, ...,d (3) 

since Y2^ k=1 aijaj k L‘jL k = Y2j,k=i a ij a jkJ , ^I j k(Y2i =i a ki^i) = ^2i=i(52j jk =i a ij a jk a kiLjL k )Xi. 
Now, from (J2D, we obtain similarly 
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( 4 ) 


d 

^ ^ Q'ijQ'jki.djmLjLk d km LjL k j 0, Vi, 771 1, • • •, d 

j,k= 1 

and, using (jTj) 


d 

^ ^ (lij&jkdjmLjLf, 0, V«, 771 1, . . . , d 

j,k=l 

Applying d/dX n to (J4]) , we obtain 


i.e. 


a ij a jkdjm{o,j n L k ~\~ 3a kn Lj 


j,k =1 


0 


y ^ djk^'jv b/ t . 3 ^ ^ dj i jdj k dj m d kn LjL k 

j,k =1 j,k=l 


(5) 


We shall use equations ©, ()4]) and d5j) repeatedly to prove the vanishing of some 
homogeneous summands of the polynomials P 2 , P 3 , P\ and the vanishing of P 5 . Since 
the calculations are very similar we will detail them only the first time we apply each of 
these equations. 

We have 


P\ = Hi{F) - Hi(X) = Hi{X + H)~ Hi(X) = + Q\ 2 + Q' 23 

where 


Q21 = 

Q22 = 

Q23 = 

hence, in particular deg P 2 < 9. 

In order to determine P 3 , we need to compute the derivatives of Q 23 ,Q 22 and Q 23 . 
We compute first the derivatives of Q 21 . 

6 a ik Li Yfj=\ a ijL 3 j + 9 4 2 Yfj=\ a ij a j k L 2 j 

j — 1 ^ijLj ~t~ i dijO'jlLj 

1 3Lj0.ii y ] j —, dijdjkLj ~\~ 18 Lj y h ;_ 1 dijdj k dj[Lj 


dQii 

dX k 

d 2 Q l 2i 

dX k dX t 






j 


Zl<j,k<dHjHk 


d 2 H, 


dXjdX k 


= 3 


f dij d{ k L; L k 


- y 

a XiA 


d 3 H, 


6 ^i<j,k,i<d dXjdXkdXi 


1 <j,k<d u ' l 3 u 'ik J - , j J -' k 
= Zl<j,k,l<d a ij a ik a ilL 3 LlLf, 
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The derivative d :i Q? 2l f dX k dX{dX m is a sum of terms of one of the following forms 

d d 

I8a ik au E &ij m L j ? 36 Lidih E &ij @>j l Q*j m -Lj •> 

3 = 1 3 = l 

up to a permutation of the set {k, l, m}, and the summand 18Lj J2j=i a ij a jkdjidj m . The 
derivative d 4 Q l 2 \jdX k dXidX m dX n is a sum of terms of one of the following forms 


d d 

SGdik&U E Q'ijQ'jmQ'jn Lj , 36Lidik E ®ij Q*j l Q*j m Q*j n i 

3 =1 3 =1 


up to a permutation of the set {k,l,m,n}. The derivative d 5 Q 21 /dXkdXidX m dX n dX p 
is a sum of terms of the form 


36 dikdii ^ ^ 

3 = 1 

up to a permutation of the set {k, l, m, n,p} 
We compute now the derivatives of Q 22 - 


Q>ij dj m n Q*j p 


dQ-2 


22 


dX, 


— 3 dil Yll<j,k<d a ij a ikLjL k + 9 Li Sl<j\fe< f I a ij a ikdjlLjLk 

+9-^1 Si <j,k<d a ij a ik a klL^L k 


The derivative d 2 Q 22 / dXidX m is a sum of terms of one of the following forms 
9 a il Si <j,k<d a ij a ikdjm.LjLki 18Tj Si <j,k<d a ij a ik a jldj m LjL k 

27L j y ] | U/ y (IjkO 'jldkm -^ j -^k * 

up to switching / with m, and j with k. The derivative d :i Q 22 /dX[dX m dX n is a sum of 
terms of one of the following forms 

18 dn y ' | (kjj(l jk(l j m (lj n LjL27dil y ^ i - j l' < ./ E nn(Ikn h , k. 

18 Li ^ in Mi i/d i in k j,- 7>ALi <j,k<d®'ijQ'ikQ'jl® , jmQ'knI J jLk, 

up to a permutation of the set {l, m, n} and a switch of j with k. The derivative 
d A Q 22 /dXidX rn dX n dX p is a sum of terms of one of the following forms 

18dj/ Q J ijQ J ikQ j jmQ j jnQ j jpLki S^i <rj b<~ri 

y ' i - j l -< ,/ ^i i^/k^ ipd in^knk /.■ • 108i/j dijdikdjldj rn dknQ , kpI J jLk, 

up to a permutation of the set {l,m,n,p} and a switch of j with k. The derivative 
d 5 Q 22 /dXidX m dX n dX p dX q is a sum of terms of one of the following forms 


54 dn zE i<j b<Tri ^ IJ ^ ik (Lj n (Ij p <! kg k j. ~ 108(Zj; 2^1 <j : k<ddijdikdjmdjndkpdkqLjLk, 

108-Zjj y y ]^ k<d Q , ijQ , ikQ J jlQ J jmQ J jnQ J kpQ J kqLki 
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up to a permutation of the set {l,m,n,p,q} and a switch of j with k. The derivative 
d 6 Q 22 /dXidX m dX n dX p dX q dX r is a sum of terms of one of the following forms 


108a 


u 

l<j,k<d 


CLij , 10 SL 


1 ^ ^ &ij&ik&jl&jmQ J jnQ J kpQ J kqQ J kr') 

l<j,k<d 


up to a permutation of the set {/, m, n,p, g, r} and a switch of j with k. The derivative 
d 7 Q 22 /dXidX m dX n dX p dX q dX r dX s is a sum of terms of the form 


108^ ^ 


&ij Q j ikQ j jmQ j jnQ j jpQ j kqQ j krQ j ks-) 


l<j,k<d 


up to a permutation of the set {/, m, n,p , q , r, s} and a switch of j with k. 
Finally we compute the derivatives of Q\ z . 


d Q 


23 


dX n 


E 2 3 3 3 2 3 3 3 2 

&ij &ik&U &j mLj ~f~ 3 2_^ a ijaikauakmLjL k L t T 3 y ^ (Xjj(ii]^ciiicii rn LjL^Iji. 


j,k,l j,k,l j,k,l 

The derivative d 2 Q 2 S /dX rn dX n is a sum of terms of one of the following forms 


E 3 ^ ^ 2 2 3 


j,k,l 


j,k,l 


up to a permutation of the set {m, n} and a permutation of the set {i,j,k}. 
derivative <9 3 Q ? 23 / dX rn dX n dX p is a sum of terms of one of the following forms 


The 


6 y ] j k i a j j cl ? /,■ o 11 (i j / ;, (i j n O jp L j : L j . 18 y ] j f, i a i j a / /,■ cl 11 (i j / ;, (i j n o i,-p L j L ^ L j 

2?E W dij dik^il djmdkndlpL j j 


-2 r 2 r 2 
^k^l i 


up to a permutation of the set {m, n,p} and a permutation of the set {i,j,k}. The 
derivative d 4 Q? 23 / dX m dX n dX p dX q is a sum of terms of one of the following forms 


18 i ^ij^ik^il^jrn^jn^jp^kqL^Li , 36 pj (lijO J i]^Ciil(Xj m (lj n (l] i pCi] i qLjLkLi 

54 pj Clij(likOjil(ljrn^ j jn^ j kp^ j lqLjL^.Li , 


up to a permutation of the set q} and a permutation of the set {i, j, k}. The 

derivative d^Q^/dX^dXndXpdXqdXj. is a sum of terms of one of the following forms 


36 pJ ClijCLikClilCljm^jn^jp^kq^krLkL^ , 

108 p i CLijCLikCLiiQjj rr iCLj n Clk'pCLkqCLl r ljjIjkI J i ? 


54 £ j fc l ^ij^ik^il^jm^jn^jp^kq^lrL^L^ 


up to a permutation of the set {m, n,p, q , r} and a permutation of the set {i,j, k}. The 
derivative 3 /dX m dX n dX p dX q dX r dX s is a sum of terms of one of the following 
forms 
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ik/^U + m + n ^ks-^k -^j 


36 • t, i (Xj i jQij i } t OjiiClj m Ojj n QijpCl} : q(li ir Oj] ts L^ ■ 

216 ^ j ji-i dijdi k dj i idj rn Q,j n Q, kp Oj kq Oji r Cli s LjL k Li 1 

up to a permutation of the set {m, n, p, q , r, s} and a permutation of the set {i, j, k}. The 
derivative d 7 Q l 23 ldX m dX n dX p dX q dX r dX s dX t is a sum of terms of one of the following 
forms 

108 E ^ij^ik^il^jm^jn^jp^kq^kr^ks^lt-kl ■ 216 ^ ^ dijdi k dj i idj 7n dj n dj p d kq di r d ks dnL k Li 

j,k,l j,k,l 

up to a permutation of the set {m, n,p, q,r, s,t} and a permutation of the set {i,j, k}. 
The derivative d 8 Q 23 /dX rn dX n dX p dX q dX r dX s dX t dX u is a sum of terms of the follow¬ 
ing form 


216 E Q'ijQ'ikQ'il&jm&jnQ'jp&kq&krQ'ksQ'ltQ'lukjl 

j,k,l 

up to a permutation of the set {m, n, p, q, r, s, t, u} and a permutation of the set {i, j, k}. 
The derivative d 9 Q l 23 /dX m dX n dX p dX q dX r dX s dX t dX u dX v is a sum of terms of the 
following form 


216 E 

j,k,l 


dijdikdudjmdjndjpdkqdkrdksdltdlu&lv 


up to a permutation of the set {m,n,p } q,r, s,t,u,v} and a permutation of the set 

We write P 3 = ^ fc=1 Q 2 3k , with Q 3k homogeneous of degree 5 + 2 k (see [IjJ proof of 
Theorem 4). We have, using ((3]), 


Q 


31 


_ V d ^Qilrr 

^ k=1 dXi, k 


Using (0) and (d]), we obtain 


— 6 Li Y 2 j,k=i a ikdijL 8 L^ + 9 Llj Ylj,k=i a ij a jkL 2 jL k 

= 6 Li ^2j, k= i aijdikL 8 L\. 


since 




d 2 Q \i 

dX k dX, 


H k m + ^ 

i 


dQi 2 

dX t 


H t = 


6 X/ atja^auL-Lm, 

j,k,l 


Ylj,k,i a ij a ik a jiLjLlLf = Y^ k a ikLl(Y2j tl aij(ijiL'jLf) — 0 

^j,k,l a ij a jk a ilLjLlLf = Y^l a ilLfC^2j, k a ij a jkL/jL k ) — 0 
^j,k,l a ij a jk a jlLjL k Lf = Y2l Lf(Ylj, k a ij a jk a jlLjL k ) = 0 
^2j,k,l a ij a ik a klLjL k Li = Ylj a ij^%Ylk,l a ik a klL k Li) = 0 





Using again d3J) and (J4]), we obtain 


^33 ~ C E 


d 3 Qi 


d 2 Q * 2S 


dQx 


6 ^k,l,m dXk dX l dX m 
= 0 . 


21 HMHn + - E l,m + Er- 


dx t dx m 


dX r , 


We have now, using (J3]), (J4J and ([5]), 


Q 34 — ,, EE 


d 4 Q 


|4 f~)i 
21 


?22 


_,i V 

4 , n dx k dX,dX m dX n k 1 m n 3! z ^’ m > n dX { dX m dX r 


HiH m H n 


1 d 2 Q\ 

2 L m ,n 5XmaYn 


?23 


H m H n = 0. 


We detail the use of ([5]): 


E lj,k,l,m,n a ij a ik a jl a jm a j n L\L 3 L^ n L^ l — E k,m,n a ikL\L 3 n L 3 n {^2 l - l aij(ijiaj m aj n Lf) 

— 3 Efc,m,n a ik^k^m,Ln(Y2j t l a ij a jl a jmdlnLjL l ) 

= — ^ E k,l,n a ik a jlLlLt Lf l (Y2j,m a V a jl a jmLjLf n ) = 0 

Similarly, using again (J3J) , (J4|) and (J5J), 


Qi _ E _ 9 5 Q l 21 _ 

^35 5 ! ^k,l,m,n,p dXkdXidXmdXndXp n k l m n p 

liw d^Qr2 T T TT TT TT 

+ 4 ! dXidXmdXndXp n l rn n p 


d 3 Q] : 23 


-H m H n H„ = 0 


3 | Z^m.n,p fj XmdXndXp rn n p 


Q l 36 ~ rl EE 


<9 5 q 


22 


5 , ^l,m,n, P ,q OXfiXndXndXpdX, 


■H^HnHpH, 


Er 


<9 4 Q 


23 


pw±q 

H m H n H r ,H„ = 0 


4 , ^™,n,p,q dXmdXndXpdXq - rn n p q 


Qsi gj EEi,m,n,p, 


d 6 Qi 


22 


--E 

rl 


p ’ q ’ r dX l dX rn dX n dX v dX q dX r 
d 5 Q l 2 3 


H,H m H n H p H q H r 


5 , ^m,n,p,g,r dX m dX n dX p dX q dX r H m H n H p H q H r 0 


/Oi _ E _ & Q 22 _rr rr ff ff ff ff H 

^38~ 7 \ ^l,m,n,p,q,r,s Q X Q X Q X Q X Q X Q X Q X Ul m n p g r s 


lUy\ m U^\ n U^\pUy\ q Uy\ r Uy\ s 
E V _ d 6 Q l 23 _ 7T TT TT TT TT TT _ A 

< 3 ! ^rn,n,p,q,r,s dXmdXndXpdXqdXrdXs ^n^p^q^s 
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Using © and (J4]), 


^39 _ 


1 _ d 7 Q t 23 _ _ 

7! ^ dX m dX n dX p dX q dX r dX s dX t m n p q r s * 

m,n,p,q,r,s,t m n p q r s t 


Using 


Qs ’ w 8 ! dX rn dX ri dX n dX n dX r dX,dX t dX 1l HrnHnHpHqHrHsHtHu ° 


m,n,p,q,r,s,t,u 

And using (J3|) and 


l rn (Jy\ n (Jy\ p q r U JV s us\.tus\. u 


^3,11 — m 


1 

9! 


d 9 Q 


m,n,p,q,r,s,t,u,v 


z 

23 


dXyndXy, dxj)xj)x r dxj)x, dx„ dx, 


-llXlJIJIJUlJhHJlr = 0 


We have then obtained 


P£ — Q31 + Q32 ^ 

= 6Lj ^2/j,k=i a ij a ikL?jL\ + '^2 l j kl=l Qaij a ikauL^L\L^. 

In particular, deg P.\ < 9. The expression obtained for P 3 gives 


10 

P l A = ^ Q\j with deg Q\j = 2 j + 7. 

j =1 


I 11 order to determine PI we need to compute the derivatives of Q’n and Q 32 ■ We 
compute first the derivatives of Q l 3l . 


dQ\ n 
dX, 


d 

^ ^ Pfc T 1 &ClijQ>ikCljiLiLjL k T 18 ClijClikCLkiLiLjLj^ 

j,k =1 


9.Y,9.Y m 


^ ^ j ^^^zj^ik^zl^krn-^j -^k 1 &&ij(%ikl& im LPI 

~\~ 36aijaikCijiaj m LiLj L k T \)4:(ijj(ijj~ciji(i}~ m PiPj P k T 1 Sdj i jCi{i c (i] i i(ii m Lj L k 
^ \(tfj(1/fdiI./ I. j 7^. T 3 Qciij(iik(iki(ij i:rri Lj i LjLfc'). 


The derivative d 3 Q z 31 /dXidX m dX n is a sum of terms of one of the following forms 


36 yl =i 

36 E • ,=i 


Q J ijQ J ikQ J ilQ l jmQjnLjLk) 54 y 'jj — t ClijClikUilCljnittknLjLfo 

(Ijj C ik^djl (Ij m/d.jn. 7 i 7/_. ■ 108 ^ i —i d ij ^ rn 7, 7y 7 


2 


up to a swift of j with 7 and a permutation of the set The derivative 

d 4 Q\ 1 /dXidX m dX n dX p is a sum of terms of one of the following forms 
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36 ■ p_ | Ctt j 0 jk(lijCtj rn &j n djpLp . 108 ' ■ p_ | Ctij 0ik0UCtj>nCtj 7 / CtkpLj Lp 


108 ■ f — 1 QijQfikCljiClfjmQfjnQfkpLiLfci 216 ^ ^—i ttij&ik&jl&jm&kn&kpLiLjLki 


up to a swift of j with k and a permutation of the set {l,m,n,p}. The derivative 
d 5 Q\ 1 /dXidX m dX n dX p dX q is a sum of terms of one of the following forms 


108 Etfc=i &ij&ik&il&jrnQ j jnQ j jpQ'kqLi ; .' ) 216 ^=1 ^ij^ik&il&jrnQ j jnQ j kpQ j kqLjLk 

216 £h-i U j Ct ; k Ctj I Ctj rn n ^ kp ^ h q T i L /,., 


up to a swift of j with k and a permutation of the set {l,m,n,p,q}. The derivative 
d 6 Q l 31 /dXidX m dX n dX p dX q dX r is a sum of terms of one of the following forms 


d d 

216 ^ ^ (lij(lik(lii(lj rn Clj n CljpClfcqClfc r Lk ) 216 ^ ^ (lij(li]^(lji(lj rn (lj n CL]^p(l]^q(l]^ r Li■> 

j,k= 1 j,/c=l 


up to a swift of j with k and a permutation of the set {l,m,n,p,q,r}. The derivative 
d 7 Q l 31 /dXidX m dX n dX p dX q dX r dX s is a sum of terms of the following form 


216 a ij a ik&il&jm&jnQ'jpQ'kqQ'kr&ks') 

j,k= 1 


up to a swift of j with k and a permutation of the set {/, m, n,p, g, r, s}. 
We compute now the derivatives of Q l 32 . 


d Qi 


32 


dX„ 


E ( 233 323 33 

(fl ij(lifcQjnCljmL/j L'k^l T Q J ijQ J ikQ J ilQ J kmI J jL^Li T O’ijO’ik^'il^lmXjLpL 


j,k,l 


The derivative d 2 Q\ 2 j dX m dX n is a sum of terms of one of the following forms 


36 E (lij Oik (1,1 Ojrn Ctjn T 
j,k,l 


r 3 r3 

J^k^l > 


2 r 3 


54 E CtijiCtikCtnCtj m Ct]^ n Lj XpLi 


j,k,l 


up to a permutation of the set {j, k, 1} and a permutation of the set {m, n}. The 
derivative d 3 Q 32 /dX m dX n dX p is a sum of terms of one of the following forms 


36 Y2j,k,l Q'ijQ'ik&il&jm&jn&jpLfcLi ■ 108 Saw &ij&ik&ilQ'jrnQ J jnQ J kpI J jLfcLi 

162 £ j k l ^ij^ik^il^jm^kn^lpLjL^Li , 


up to a permutation of the set {j, k, 1} and a permutation of the set {m, n,p}. The 
derivative d 4 Q 32 /dX m dX n dX p dX q is a sum of terms of one of the following forms 
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108 £**,«*« ik&il&jm&jn&jp&kqLj.Li . 216 ^ ^ jp 1 ^ij^ J ik^ J il^jm^ J jn^ J kp^ J kq^- J j^- J k^- J l 

324 Yijk,l ^"ij^'ik^'il^'jm^jn^'kp^'lqL'jL^L^ , 

up to a permutation of the set {j, fc,/} and a permutation of the set {m, n,p, q}. The 
derivative d 5 Q 32 /dX m dX n dX p dX q dX r is a sum of terms of one of the following forms 


216 J2j,k,l ®'ij® , ikQ 1 ilQ J jmQ J jnQ J jpQ J kqQ J krLkLi , 324 Y^j i-j dijdikdndj m djn,djpdkqdlqL^L^ 

648 Y 1. , Q,ijQ>ikQ,ilClj m Q,j n (lkpQ,kqQil r LjLkLi , 


up to a permutation of the set {j, k, 1} and a permutation of the set {m, n,p, q, r}. The 
derivative d 6 Q l 32 /dX m dX n dX p dX q dX r dX s is a sum of terms of one of the following 
forms 


216 Yj,k,l Q , ijQ , ikQ J ilQ , jmQ J jnQ , jpQ , kqQ , krQ J ksl- J i , 648 Y'jjbi ^ J ij^ J ik^il^ , jm^ , jn^ J jp^ , kq^ , lq^ , ksLkL^ 

1296 Yj,k,l Q’ijQ’ikQ’ilQ'jmO’jnQ'kpQ’kqQ'lrQ'lsLjLkLli 

up to a permutation of the set {j, k, 1} and a permutation of the set {m, n, p, q, r, s}. The 
derivative d 1 Q 32 /dX m dX n dX p dX q dX r dX s dX t is a sum of terms of one of the following 
forms 


648 ^ ^ dijOjik^il^jm^jn^jp^kq^kr^ks^lt-kl ; 1296 ^ ^ CLij(lik(lilClj m Clj n Clj p CLk q Cll q Clk s ClltZjkLi 

j,k,l j,k,l 

up to a permutation of the set {j, k, 1} and a permutation of the set {m, n,p, q, r, s, f}. 
The derivative d 8 Q l 32 /dX m dX n dX p dX q dX r dX s dX t dX u is a sum of terms of the form 

1296 E 

j,k,l 

up to a permutation of the set {j, fc, 1} and a permutation of the set {m, n, p, g, r, s, t, u}. 
The derivative d 9 Q l 32 /dX m dX n dX p dX q dX r dX s dX t dX u dX v is a sum of terms of the 
form 


1296 E (lij(lik&il&jm&jnQ j jpQ j kqQ'krQ j ksQ j ltQ j luQ j lv •> 

3,k,l 

up to a permutation of the set {j, k, 1} and a permutation of the set {m, n , p, q , r, s, t , u, u}. 
We compute now the homogeneous summands of P%. 

Using 


Q \i = E 


dQi, 


31 


1=1 


dXi 


H, = 


d 

E ^ijdikduL^Lm . 
j,k,l =1 
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Using 0, 0 and 0, we obtain 


Q\j = 0, Vj = 2,..., 10. 

We have then 

d 

P,-i = Q,±i 'y ^ 6djj (ijko.nLjL k L l , 

j,k,l=1 

hence PI is a homogeneous polynomial of degree 9. The expression obtained for PI gives 

9 

PI = % with de § Qh = 2 i + 9- 

3 = 1 

In order to determine Pg we compute the derivatives of Q l 4] . 


dQ 


41 


dX„ 


E ( 233 323 332\ 

( (d%jciikCiji(ij m LjL T (XijCii^ciiid^yYiLjLj,L^ T d^jd^dudiYyiL j L k L^ j. 

j,k,l=l 


The derivative d 2 Q\ 1 /dX m dX n is a sum of terms of one of the following forms 


E 3 ^ a 2 2 

Q'ijQ'ikQ'ilQ'j P/ I . 54 y ^ (I'jj (likdjldjriidkriPj T / ( -L 

j,k,l=1 j,k,l=l 


3 
l i 


up to a permutation of the set {j, k,l} and a permutation of the set {m,n}. The 
derivative d 3 Q l 41 /dX m dX n dX p is a sum of terms of one of the following forms 


36 f _i u ijdjpo11(ij ra (ij n ci jpL[,.Lj , 

162 ■ i, i _i dijdikdildjmdkndlpL 


ru 2 
PtP; j 


108 E dijdikdndj m dj n dkpLjLi,L 


3 
l J 


up to a permutation of the set {j, A:,/} and a permutation of the set {m,n,p}. The 
derivative d 4 Q l 41 /dX m dX n dX p dX q is a sum of terms of one of the following forms 


108 yh /_i dijdikdildj m dj n dj p dkqLy.Li , 216 t, i Q’ijQ'ikQ’ilQ'jmQ'jnQ'kpQ'kqLjLkPl i 

324 ^ 'j j. i-i Q j ijQ j ikQ J ilQ J jmQ J knQ J lpQ J jqLjLkPl ' 


up to a permutation of the set {j, fc,/} and a permutation of the set {m, n,p, q}. The 
derivative d 5 Q l 41 /dX m dX n dX p dX q dX r is a sum of terms of one of the following forms 


2 ! 6 E| M =i 

648E-«.i 


&ik&il&jmQ j jnQ j jpQ j kqQ j kr-‘- J k-‘- J l ? 
(lij(lik(lii(ljrn^ J jri^ , kp^ J kq^ J lr^- J j^- J k^ J l i 


3 24 Eh, i-i 


Q j ijQ j ikQ j ilQ j jrnQ j jnQ j jpQ j kqQ j lr 


L\L 


2 
l > 
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up to a permutation of the set {j, k, 1} and a permutation of the set {m, n,p , q, r}. The 
derivative d^Q\ x jdX m dX n dX p dX q dX r dX s is a sum of terms of one of the following 
forms 


648 i. 7 —i ClijClikttilCljmCljnCljpCllcqClkrCllsL^L^ , 216 fr f—i ^ij^ik^il(^jm^jn^jp(^kq(^kr^ksLi , 

1296 E, ik^il^jm^ jn^kp^kq^lr^ls-kj-kk-kl i 


np to a permutation of the set {j, k, 1} and a permutation of the set {m, n,p, q, r, s}. The 
derivative d 7 Q\ 1 /dX m dX n dX p dX q dX r dX s dX t is a sum of terms of one of the following 
forms 


d d 

648 E CLijCLik^il^jm CLjn^jpQjkq^kr^ls^kt-^l i 1296 E CLijQjik^il^jm ^jn^jp^kq^kr^ls^ltLkLl , 

j,k,l =1 j,k,l=l 

up to a permutation of the set {j, k, 1} and a permutation of the set {m, n,p, q, r, s, t}. 
The derivative d 8 Q\ 1 /dX m dX n dX p dX q dX r dX s dX t dX u is a sum of terms of the follow¬ 
ing form 


d 

1296 E Up' Q j s kdil U jiYi CL j n Uj p Cl q Cl ^ ^ l s^kf/^lu-k l ? 

j,k,l =1 

up to a permutation of the set {j, k, 1} and a permutation of the set {m, n, p, q, r, s, t, u}. 
The derivative d 9 Q l 41 /dX m dX n dX p dX q dX r dX s dX t dX u dX v is a sum of terms of the 
following form 


d 

1296 E &ij&ik&il&jrn&jnQ j jpQ j kqQ j krQ j lsQ j ktQ j luQ j lv') 

j,k,l =1 

up to a permutation of the set {j, k, 1} and a permutation of the set {m, n, p, q, r, s, t, u, v}. 
We have 


Q% = ~, E 


HQ 


41 


»n^X dX *- dX * 


H n ^ . . . Hr, 


and, using again (J3J), ®, ®, we obtain 


Qlj = 0 , for all j, 

hence Pg = 0 , for all i = 1 ..., d, as wanted. 


□ 


The following example shows that the result in Proposition [4] is optimal, in the sense 
that, under the hypothesis (TP ) 3 = 0 , we may not expect that the first zero term in 
the sequence (Pj) comes before the fifth for all i = 1,..., d. 
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Example 5. We consider the polynomial map F as in Theorem [3] with d = 5 and 

+ 1 [X ], X 2 , X3, X 4 , X-j) = (I2X2 + 0,3X3 + 04X^4 + 0,5X5 
L 2 {X h X 2 ,X 3 ,X 4 ,X 5 ) = 63X3 + 64X4 + 65X5 

< L 3 (X 4 ,X 2 , x 3 , x 4 , x 5 = 0 
+ 4 (X 1 ,X 2 ,X : 3,X 4 ,X 5 ) = 0 

k T 5 (X 1 ,A 2 ,A 3 ,X 4 ,X 5 ) = 0 

with a 2 , 03 , 04 , a 5 , 63 , 64 , 65 complex parameters. We may check that the Jacobian matrix 
JP is nilpotent of degree 3. By computing the sequences of polynomials Pj, we obtain 

Pf = 3 a 2 +j+f + ?>a\LiL\ + a\L 2 
Pj = 603+1+2 + 6a 2 + 2 
Pi = 6a 3 + 9 
Pi = 0 

Clearly, P 2 2 = 0 and Pj 3 = Pj = Pj = 0. Then, choosing such an F with a 2 7 ^ 0 and 
+ 2 not identically zero, we obtain an example of a polynomial map P such that the 
Jacobian matrix JF[ is nilpotent of degree 3 and at least one PI is not zero. Hence the 
inverse map P ~ 3 has degree equal to 9. The map G = F is given by 


' Gi(Y) 

= Y 1 -L 1 (Y) 3 + 3a 2 L 1 (Y) 2 L 2 (Y) 3 

G*(Y) 

= Y 2 -L 2 (Y) 3 

Gs(Y) 

= y 3 

G 4 (Y) 

= r 4 

Gb(Y) 

= y 5 


3a 2 2 L 1 (Y)L 2 (Y) 6 + a 3 2 L 2 (Y) 9 


where Y := (Y U Y 2 ,Y 3 ,Y 4 ,Y 5 ). 


The result obtained in Theorem [3] leads us to formulate the following conjecture. 
Conjecture 6 . Let F : K d —> K d be a polynomial map of the form 

' +\(X 4 , ...,x d ) = x, + Pipe,..., x d ) 

F 2 (X 1 ,...,X d ) = X 2 + H 2 (X 1 ,...,X d ) 

< 

K F d (X l5 ...,X d ) = X d + H d (X u ...,X d ), 

where P*(X : 1 ,..., X d ) = + 8 (X,,..., X d ) 3 and + ? ;(X,,..., X d ) = a a Xi + • • • + a id X d , 
1 < i < d. We consider the Jacobian matrix JH of H := (Hi,... ,H d ). For each 
i — 1,..., d, we consider the polynomial sequence (Pj) defined in the following way 

p*(x 1 ,...,x d ) = w, 

P*(X 1 ,...,X d ) = Hi, 
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and, assuming Pj_, is defined, 

PjiXu ...,X d ) = Pj_fiFi, ...,F d )~ P^fiX,, ...,X d ). 

Let g be an integer, 1 < g < d. If ( JH) 9 = 0, then Pi * 3g _ 1+1 ^ 2 = 0? f or ' L = 
1 ,... ,d, F is invertible and the inverse of F has maximal degree at most equal to 3 9_1 . 


Remark 7. By Theorem [2], the condition P^ g -i + iy 2 = 0, for all i = 1 implies 

that F is invertible. Since, for F as in Conjecture | 6 ] det(JP) = 1 implies ( JH) d = 0, 
and taking into account Proposition Q] Conjecture | 6 ] implies the Jacobian conjecture for 
complex polynomial maps. 

Remark 8 . Conjecture El is true for 


1) g — 1: since Hi is homogeneous, JH = 0 implies H — 0, hence P{ — 0, Vi = 1,..., d 
and F = Id. 


, d dH, OH 


j — 0, Vz, k — 1,..., d. Multiplying by 
dHi 


2) g = 2: if (JH ) 2 = 0, we have Ej =1 Qx ^ 

Xk and summing up from k = 1 to d, we obtain Xv=i ^ / Hj — 0, Vi. Then F is a 

°Xj 

quasi-translation, P 2 = 0; f° r * = 1,..., d, and P ” 1 = X — H (see [HJ Proposition 
9). 

3) g — 3: this is Proposition [4J 
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